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We show that the measure on markings of Z^J, d > 3, with ele- 
ments of {0, 1} given by iid fair coin flips on the range 7?. of a random 
walk X run until time T and otherwise becomes indistinguish- 
O able from the uniform mecisure on such markings at the threshold 

^ T = iTcov(Z^). As a consequence of our methods, we show that the 

total variation mixing time of the random walk on the lamplighter 
graph Z2)Z^, d > 3, has a cutoff with threshold |Tcov(Z5(). We give a 
general criterion under which both of these results hold; other exam- 
ples for which this applies include bounded degree expander families, 
I I the intersection of an infinite supercritical percolation cluster with an 

increasing family of balls, the hypercubo, and the Calcy graph of the 
P I symmetric group generated by transpositions. The proof also yields 

^ precise asymptotics for the decay of correlation in the uncovered set. 

a 

^ 1. Introduction. Suppose G = {V,E) is a finite, connected graph and 

X is a lazy random walk on G. This means that X is the Markov chain with 
state space V and transition kernel 

5^ p{x,y;G)=P,[X{l)=y]-r^'^'' = y' 

in 

d Let 

O TcoviG) = min{i > 1 : 1^ is contained in the range of X|[0,t]} 

> 

•rH be the cover time and let Tcov{G) = E^rcov(G) be the expected cover time. 

r> Here and hereafter, a subscript of tt indicates that X is started from sta- 
tionarity. Let r(j/) = min{i > 1 : X{t) = y} be the first time X hits y 



^^^if{x,y}&E. 



and 



rhit(G) = max E^T(y) 

x,y£V 



•JM thanks the Theory Group at Microsoft Research for support through a summer 
internship, during which the research for this article was conducted. 

AMS 2000 subject classifications: Primary 60J10, 60D05, 37A25 

Keywords and phrases: Random walk, uncovered set, lamplighter walk, mixing time, 
cutoff. 



1 



2 



JASON MILLER AND YUVAL PERES 



be the maximal hitting time. If (Gn) is a sequence of graphs with Thit(Gn) = 
o{Tcov{Gn)) then a result of Aldous (Theorem 2, [2]) imphes that Tcov{Gn) 
has a threshold around its mean: Tcov{Gn) /^Tcov{Gn) = 1 + o{l). Many 
sequences of graphs satisfy this condition, for example ZJ^ for d > 2, Z2, 
and the complete graph Kn. When Aldous' condition holds, the set 



£(a; Gn) = {x G K : r{x) > aTcoviGn)} 

of a-late points, i.e. points hit after time aTcov{Gn), ol £ (0, 1), often has an 
interesting structure. The case Gn = was first studied by Brummelhuis 
and Hilhorst in [8] where it is shown that E|£(a; Z^)| has growth exponent 
2(1 — a) and that points in Cn{a; Z^) are positively correlated. This sug- 
gests that C{a; Gn) has a fractal structure and exhibits clustering. These 
statements were made precise by Dembo, Peres, Rosen, and Zeitouni in [ ] 
where they show that the growth exponent of \C{a; 'Zi'^)\ is 2(1 — a) with high 
probability in addition to making a rigorous quantification of the clustering 
phenomenon. 



(a) Ca,Zl 




c) Z„ marked with iid coin 
flips 



Fig 1. The subset C{^,7i'^) of consisting of those points unvisited by a random walk 
X run for ^Tcov{Z^), where Tcov{Z'^) is the expected number of steps required for X to 
cover Z^, exhibits clustering. Consequently, the marking ofZ^ by elements of {0, 1} given 
by the results of iid coin flips on the range of X at time }^Tcov{Z'^) and zero otherwise can 
he distinguished from a uniform marking. 



If Gn is either Kn or 7/^ for (i > 3 then it is also true that log ]£(«; Gn)\ ~ 
(1 — a) log \ Vn\ with high probability. In contrast to the case of Z^, £(a; Kn) 
does not exhibit clustering and is "uniformly random" in the sense that 
conditional on sq = |>C(a;Kn)|, all subsets of Kn of size so are equally 
likely. The rapid decay of correlation in £(a; Z^) for d > ?> determined by 
Brummelhuis and Hilhorst [ ] indicates that the clustering phenomenon is 
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also not present in this case and leads one to speculate that Lia] Z^) is 
likewise in some sense "uniformly random." 

The purpose of this article is to quantify the degree to which this holds. We 
use as our measure of uniformity the following statistical test. Let 7?.(a; G) be 
the (random) subset of V covered by X at time aT^o-^iG) and let //(•; a, G) be 
the probability measure onA'(G) = {/: >{0,1}} given by first sampling 
7?.(a; G) then setting 



i{x) if X G 7^(a;G), 
otherwise, 



where (^(x) : x G is a collection of iid variables such that P['^(x) = 0] = 
P[^(x) = 1] = ^. The question we are interested in is: 

How large does a G (0, 1) need to he so that a, G) is indistinguishable 
from the uniform measure z^(-; G) on X{G) ? 

It must be that q > 1/2 in the case of for d >2 since if a < 1/2 then 
!/:(«; Z^) I -In'^ 

TTT^ > OO as n — > oo. 

In particular, the deviations of the number of zeros from for such a 

far exceeds that in the uniform case. By Theorem 2 of [2], it is also true 
that a < 1 since if a > 1 then with high probability |i2(a;Z^)| = 0. The 
main result of this article is that the threshold for indistinguishability for 
any sequence of graphs with uniformly bounded maximal degree and 
lim^^oo \ Vn\ = oo is a = ^ provided random walk on (Gn) is uniformly 
locally transient and either satisfies a Harnack inequality or whose Green's 
function exhibits sufficiently fast decay. 

We need the following definitions in order to give a precise statement of 
our results. The total variation mixing time of G is 

7mix(e; G) = min{t > : max ||p*(x, •; G) — 7t\\tv < £} 

where p*(x, y; G) = P^[X(t) = y] is the t-step transition kernel of X started 
at X, 

ll/i - Htv = max \ii(A) - u[A)\ = \Y1 I^(^) " ^^^)\ 

x&V 
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is the total variation distance between the measures fx, v on V ^ and vr is the 
stationary distribution of X. The uniform mixing time of G is 



Tjnjx(e; G) = min < t > : max 

I a;,j/ey 



1 



< e 



It is a basic fact ([4], [21], see also Proposition 3.3) that T^^J^e\ G) is within 
a factor of log|y| of Tniix(e;G), however, for many graphs this factor is 
constant. Whenever we omit e and write T^ix{G),T^^^{G) it is understood 
that € = ^ • The Green's function of G is 

9{x,y;G)= J2 p\x^y'^G), 
t=i 

i.e. the expected amount of time that X spends at y until time T^jx(G) 
when started at x. For A C 1/, we set 



g{x,A;G) = J2 9{x,y;G). 

We say that is uniformly locally transient with transience function 

p: [0,oo) X [0, oo) [0,oo) if 

g{x, A; Gn) < p{d{x, ^), diam(^)) for all n, x G y, and A<^V. 

Here, is the graph distance, d{x,A) = minj,^^ y), and p{-,s) is 

assumed to be non-increasing with lim,.^oo pi^i s) = when s is fixed. Let 
p{r) = p{r,l), 

A{G) = maxdeg(x), A(G) = mindeg(x), A(G) = 

x£V X&V l\[Lr ) 

Assumption 1.1. (G„) is a sequence of uniformly locally transient graphs 
with \ Vn\ ^ oo and such that there exists Aq > so that A(G„) < Aq for 
all n and, for each r > 0, 

1. log |i?(x, r)| = o(log \Vn\) as n ^ oo, and 

2. r^i,(G„)A"(G„) = o{\Vn\) as n ^ cx). 

Assumption 1.2. (G^) is a sequence of graphs satisfying either 

1. for every 7 > there exists —> 00 as n ^ 00 satisfying < 
^ max{i? > : max^^g^n \B{x, R)\ < \Vn\'^} such that for every r > 0, 

^mix(Gn) g^^^ ^) ^ as 00 



RZ d{x'A)>R. 

uniformly A (IVn with diam(74) < r, or 
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2. a uniform Harnack inequality, i.e. for each a > 1 there exists C = 
C{a) > such that for every x,r,R > with R/r > a and positive 
harmonic function h on B{x, R) we have that 

max h{y) < C min h{y). 

y&B{x,r) y^B{x,r) 

Theorem 1.3. If {Gn) satisfies Assumptions 1.1 and 1.2 then for every 
e > 0, 

lim ||^(-; l + e, G„) - Gn)\\TV = and 
lim 5 - e,G„) - zv(-;G„)||tv' = 1. 

n— >oo ^ 

Remark 1.4. // (G ^) is a sequence with iV^^j — > oo and is 
hounded in n, then Assumption 1.1 is equivalent to the decay of g(x,y;Gn) 
in d(x, y) uniformly in n. 

Many families of graphs satisfy Assumptions 1.1 and 1.2, for example 
for d > 3, random d- regular graphs whp, also for d > 3, and the hypercube 
Zg. We will discuss these and other examples in the next section. 

The problem that we consider is closely related to determining the mixing 
time of the lamplighter walk, which we now introduce. If G = {V, E) is a finite 
graph, the wreath product = Z2 ^ G is the graph {V^ , E^) whose vertices 
are pairs (/, x) where / G '^(G) and x G V^. There is an edge between (/, x) 
and {g, y) if and only if {x, y} £ E and f{z) = g{z) for z ^ {x, y}. G^ is also 
referred to as the lamplighter graph over G since it can be constructed by 
placing "lamps" at the vertices of G; the first coordinate / of a configuration 
(/, x) indicates the state of the lamps and the second gives the location of 
the lamplighter. 

The lamplighter walk on G is the random walk on G^. Its transi- 
tion kernel p{-, •; G^) can be constructed from •; G) using the following 
procedure: given (/, x) E V^, 

1. sample y G V adjacent to x using p{x, •;G), 

2. randomize the values of f{x), f{y) using independent fair coin flips, 

3. move the lamplighter from x to y. 

That both f{x) and f{y) are randomized rather than just f{y) is necessary 
for reversibility. 

Random walk on a sequence of graphs (G„) is said to have a (total vari- 
ation) cutoff with threshold (a„) if 

lim ^'"'"^''^"^ = 1 for all e > 0. 

n^oo an 
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Fig 2. A typical configuration of the lamplighter over a 5 x 5 planar grid. The colors 
indicate the state of the lamps and the dashed circle gives the position of the lamplighter. 



It is believed that many graphs have a cutoff, but establishing this is often 
quite difficult since it requires a delicate analysis of the behavior of the 
underlying random walk. The term was first coined by Aldous and Diaconis 
in [■]] where they prove cutoff for the top-in-at-random shuffling process. 
Other early examples include random transpositions on the symmetric group 
[17], the riffle shuffle, and random walk on the hypercube [ ]. By making a 
small modification to the proof of Theorems 1.3, we are able to establish 
cutoff for the lamplighter walk on base graphs satisfying Assumptions 1.1 
and 1.2. 

Before we state these results, we will first summarize previous work re- 
lated to this problem. The mixing time of was first studied by Haggstrom 
and Jonasson in [ ] in the case Gn = Kn and Gn = Z„. Their work implies 
a cutoff with threshold ^Tcov(-?^n) in the former case and that there is no 
cutoff in the latter. The connection between T^i^{G^) and Tcov{G) is ex- 
plored further in [23], in addition to developing the relationship between the 
relaxation time of and Thit(G), and E2l^("'^)l and T^i^{G''). The results 
of [23] include a proof of cutoff when Gn = 'Zi'^ with threshold rcov(Z^) and 
a general bound that 



(1.1) 



^+0(1) 



TcoAGn) < T^UGn) < [1 + 0(l)]rcov(G„) 



whenever (G„) is a sequence of vertex transitive graphs with Thit(G„) = 
o(Tcov{Gn))- It is not possible to improve upon (1.1) without further hy- 
potheses since the lower and upper bounds are acheived by Kn and Z^, 
respectively. 

The bound (1.1) applies to Z^ when d > 3 since rhit(Z^) ~ c^n"' and 
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rcov(Z^) = c>'^(logn) (see Proposition 10.13, Exercise 11.4 of [21]). This 
leads [2.)] to the question of whether there is a threshold for Tinix(Z^) and, 
if so, if it is at |Tcov(Z5(), TcovC^n), somewhere in between. By a slight 
extension of our methods, we are able to show that the threshold is at 
^rcov(Z^) when d > 3, and that the same holds whenever (Gn) satisfies 
Assumptions 1.1 and 1.2. 

Theorem 1.5. If (Gn) satisfies Assumptions 1.1 and 1.2 then Tmix(e; G^) 
has a cutoff with threshold \Tcov{Gn). 

In order to prove Theorems 1.3 and 1.5 we need to develop a delicate 
understanding of both the process of coverage and the correlation structure 
of £(a; Gn). The proof yields the following theorem, which gives a precise 
estimate of correlation decay in >C(a; G„) under the additional hypothesis of 
vertex transitivity. 

Theorem 1.6. Suppose {Gn) is a sequence of vertex transitive graphs 
satisfying Assumption 1.1. If (x^) for 1 < i < i is a family of sequences 
with x'n £ Vn and — > r for every n and i ^ j, 

(1.2) (1 - <5,,,)|Kr'""^'-'^ <Pk e ^(a; Gn) for all i] 

<(l + 5,,,)|Kr'"+'-'^ 

where 6r/ as r ^ oo while £ is fixed. If A(Gn) — > oo we take r = 1 and 
^1/ = o{l) as n ^ oo. 

Outline. The remainder of the article is structured as follows. We show in 
Section 2 that the hypotheses of Theorems 1.3 and 1.5 hold for a number of 
natural examples. In Section 3, we collect several general estimates that will 
be used throughout the rest of the article; Proposition 3.2 is in particular of 
critical importance. Next, in Section 4 we will develop precise asymptotic es- 
timates for the cover and hitting times of graphs {Gn) satisfying Assumption 
1.1. The key idea is that the process of hitting a point can be understood by 
looking at the number N{x, t) of excursions of X from dB{x, r) to dB{x, R) 
for r < R, then allowing the walk run for f3T^^^{G) some /? > in order to 
remrx. Uniform local transience implies that at the time x is hit, N{x,t) is 
typically quite large and concentrated around its mean. This condition also 
gives that ^ J2'j=iPj{^) is well concentrated around its mean, where Pj{x) is 
the probability that the jth excursion hits x in time aT^-^^{G) after exiting 
B{x, R), a < P, conditional on its point of entry and the point of entry of 
the (j + l)st excursion. Decomposing the process of hitting into excursions 
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between concentric spheres is not new, and is used to great effect in [10], 
[11], [12], [13]. Our implementation of this idea is new since explicit repre- 
sentations of hitting probabilities and Green's functions in addition to the 
approximate rotational invariance in ZJ^ are simply not available in the gen- 
erality we consider. We prove Theorem 1.2 in Section 5. This result, which 
may be of independent interest, is important in Section 6 since it allows us 
to deduce that points in -C(|; Gn) are typically "spread apart." The article 
ends with a proof of Theorems 1.3 and 1.5 as well as a list of related open 
questions. 

2. Examples. 

Z^, d > 3. Although the simplest, this is the motivating example for this 
work. It is well-known (see Section 1.5 of [ ]) that there exists a constant 
Cd > so that g{x,y; Z^) < Cd\x — y\'^~'^, which implies uniform local tran- 
sience. Assumption 1.2 part (2) is also satisfied since it is also a basic result 
that random walk on Z^ satisfies a Harnack inequality (see [20], Section 
1.4). 

Super- critical percolation cluster. Suppose that rje is a collection of iid 
random variables indexed by the edges e = (x, y) of Z'^, d > 3, taking 
values in {0, 1} such that P[??e = 1] = p G [0, 1]. An edge e is called open 
if rje = 1. Let C{x) denote the subset of Z'^ consisting of those elements 
y that can be connected to x by a path consisting only of open edges. 
Let Coo denote the event that there exists an infinite open cluster and let 
Pc = mi{p > : P[Coo] > 0}. Suppose p > pc- Then it is known that 
there exists a unique infinite open cluster Coo almost surely. Fix x £ Coo 
and consider the graph Gn = B(x,n) D Coo- It follows from the works of 
Dehnotte [9], Deuschel and Pisztora [: ">], Pisztora [2 ], and Benjamini and 
Mossel [6] that the heat kernel for continuous time random walk (CTRW) 
on Gn has Gaussian tails whp when n is large enough; see the discussion 
after the statement of Theorem A of [" ] . Consequently, the Green's function 
of the CTRW on (Gn) has the same quantitative behavior as for (ZJ^), which 
easily implies the same is true for the lazy random walk, which in turn yields 
uniform local transience for (Gn) whp when n is sufficiently large. Therefore 
there exists no = no{u;) such that (Gn : n > no (a;)) almost surely satisfies 
Assumption 1.1. Furthermore, it is a result of Barlow [5] that there exists 
ni = ni{uj) such that random walk on (Gn : n > ni(w)) almost surely 
satisfies a Harnack inequality and hence Assumption 1.2. 
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Bounded Degree Expanders. Suppose that {Gn) is an expander family 
with uniformly bounded maximal degree such that \Vn\ oo. Then there 
exists To < oo such that T^ei{Gn) < Tq for every n where T,.ei{Gn) is the 
relaxation time of lazy random walk on Gn- Equation (12.11) of ['■* '] implies 
that 

p\x,y;Gn)<c(r^ + e-'/''^' 



and Theorem 12.3 of [21] gives T^i^{Gn) = 0(log|y„|). By Remark 1.4, to 
check Assumption 1.1 we need only show the uniform decay g(x,y;Gn) in 
d{x,y). If t < d{x,y), then it is obviously true that p^{x,y; Gn) = 0. Hence 
(2.1) 

9{x,y;Gn) < C { ^(^^^ + "^""if "^-*/^cA < Ce'^i^'V)/^. + o{l) 

\ t=d[x,y) ) 

as n ^ oo. We will now argue that (G„) satisfies part (1) of Assumption 
1.2. Suppose that A > max2,.gi/„ deg(x) for every n. We can obviously take 
Rl = 7 log 1 14 1/(2 log A), hence we have Tg^^{Gn)/Rl = 0{l) as n ^ oo. 
Combining this with (2.1) implies that {Gn) satisfies Assumption 1.2. 

Random Regular Graphs. Suppose that d > 3 and let Qn,d denote the 
set of d- regular graphs on n vertices. It is by now well-known [7] that, whp 
as n — > oo, an element chosen uniformly from Qn,d is an expander. Conse- 
quently, whp, a sequence (G„) where each G„ is chosen independently and 
uniformly from Qn,d, d > 3, almost surely satisfies the hypotheses of our 
theorems. 

Hypercube. As in the case of super-critical percolation, for Z2 it is easiest 
to prove bounds for the CTRW which, as we remarked before, easily translate 
over to the corresponding lazy walk. The transition kernel of the CTRW is 

p\x,y; Z^) = ^(1 + e-2*/")-l-?/l(l _ e-^*/™)!-?/!, 

where |x — y| is the number of coordinates in which x and y differ. The spec- 
tral gap is 1/n (see Example 12.15 of [21]) which implies 0(n) = T^i^{Z^) = 
0{n?) (see Theorem 12.3 of [21]). Suppose that ^ C has diameter s and 
d{x, A) = r. li y G A, we have 

p\x, y; Ti) < ^(1 + e-2*/")«-'-(l - e-2*/-)^ 
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It is easy to see that 



{Cet/nY exp[-(t/C7,n)(n - r)] if t < en, 



provided e > is sufficiently smah. Consequently, 

and therefore is uniformly locally transient. The other hypotheses of 
Assumption 1.1 are obviously satisfied. As for Assumption 1.2, we note that 
in this case, we can take = 7n/(21og2 n). Thus if r > it is easy to see 
that if diam(A) < s and d{x, A) > we have that 

if t > en. On the other hand, if t < en, then we have 

y<^A \ n / 

Hence it is not hard to see that Z2 satisfies Assumption 1.2. 

Caley Graph of Sn Generated by Transpositions. Let G„ be the Caley 
graph of Sn generated by transpositions. By work of Diaconis and Shahsha- 
hani [17], Tniix(Gn) = 0(n(logn)), which by Theorem 12.3 of [21] implies 
^mix(^") ~ 0(n2(logn)2). We are now going to give a crude estimate of 
p*{a,T; Sn)- By applying an automorphism, we may assume without loss of 
generality that a = id. Suppose that (i(id, r) = r and that Ti,...,Tr are 
transpositions such that • • • ti = r. Then ri, . . . , move at most 2r of 
the n elements of { 1 , . . . , n} , say, ki, . . . , k2r ■ Suppose k[, . . . , k'2^ are distinct 
from fei, . . . , k2r and a G is such that a{ki) = /c^ for 1 < z < r. Then 
the automorphism of G„ induced by conjugation by a satisfies aTa^"^ 7^ r. 
Therefore the size of the set of elements r' in Sn such that there exists a 
graph automorphism ip of G„ satisfying ^{t) = r' and (^(id) = id is at least 



n 

2r , 



> 2 2'''n2''((2r)!) ^ assuming n > 4r. Therefore 

p'{e,T;G„) < and g{e,T;Gn) < C(22-(2r)!)(log n) V'^''. 

If diam(^) = s then trivially |^| < n^* from which it is clear that is 
uniformly locally transient. The other parts of Assumption 1.1 are obviously 
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satisfied by Gn- As for Assumption 1.2, a simple calculation shows that we 
can take < 7n/4 + 0(l). Hence setting = ^/n, a calculation analogous 
to the one above gives that Assumption 1.2 is satisfied. 

3. Preliminary Estimates. The purpose of this section is to collect 
several general estimates that will be useful for us throughout the rest of 
the article. 



Lemma 3.1. If l^-^i' are measures with v absolutely continuous with re- 
spect to fj, and 

du , 

—di' = 1 + e 



then 



\v - I^Wtv 



< 



Proof. This is a consequence of the Cauchy-Schwarz inequality: 



du 
dfj, 



dv 
dfi 



dfi 



dv 

— ( 
d^ 



-du- 1 



□ 



Let v denote the uniform measure on X{G) = {/: V ^ {0, 1}} 

Proposition 3.2. Suppose that ^ is a measure on X{G) given by first 
sampling TZ Q V according to a probability /iq on 2l^l, then, conditional on 
TZ sampling f £ X{G) by setting 



^{x) ifxen, 

otherwise, 



where (^(x) : x G V) is a collection of iid random variables with P[^(x) 
0] = P[^{x) = 1] = 5- Then 



dji 
du 



d^x = j y 2l^'^'5'ld/io(^)d^o(5). 



Proof. Suppose / e X{G) is such that f\TZ'^ = for some TZ V. 
Letting ^(-15) be the conditional law of fi given S, we have 



= 2^ 



K{f})dKf) 

^,{{f}\s)df^o{S) ) dfi{f\n)diJo{'JZ). 
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Note that 

Hence, the above is equal to 

where = \ V\. Simphfying the expression in the exponent gives the result. 

□ 

Roughly speaking, the general strategy of our proof will be to show that 
if TZ, TV denote independent copies of the range of random walk on G„ run 
up to time { \ + e)rcov(G„) and £ = F \ 7^, £' = F \ 7^' then 

(3.1) Eexp(C|/:n£'|) = 1 + o(l) as n ^ oo 

for > 0. This method cannot be applied directly, however, since this expo- 
nential moment blows up even in the case of Zj^. To see this, suppose that 
X, X' are independent random walks on initialized at stationarity. We 
divide the cover time can^ (log n) into rounds of length n?. In the first round, 
with probability 1/4 we know that X starts in Li = Z^ x {n/8, . . . ,3n/8}. 
In each successive round, X has probability po > strictly bounded from 
zero in n of not leaving L2 = Z^ x {1, . . . , n/2} and ending the round in Li. 
Since there are C3n(logn) rounds, this means that X does not leave Li with 
probability at least 

1 can log n ^ / 1 \ 

4P0 > cexp(-pinlogn). 

Since X' satisfies the same estimate, we therefore have 

Eexp(C|/: n C'\) > cexp(§n^ - 2pinlog n) — > CO as n — > 00. 

The idea of the proof is to truncate the exponential moment in (3.1) by 
replacing fiQ with JIq, the law of 7^(5 + Gn) conditional on typical behavior 
so that 

WJiQ — pqWtv = 0(1) as n ^ 00. 

We do this in such a way that the uncovered set exhibits a great deal of 
spatial independence in order to make the exponential moment easy to es- 
timate. To this end, we will condition on two different events. The first is 
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that points in + S;Gn) are well-separated: for any x G we have 
+ 6; Gn) n B{x, Kl)\ < M = M^^s- Given this event, we can partition 
+ 6; Gn) into disjoint subsets Si, ... , Em such that x,y Eg distinct 
implies d{x,y) > K^. Observe: 

/ N'{x,T) 

Eexp(C|£n£'ni?,|) <E n 1 + H - Qji^)) 

x£Ee \ j=l 

where N'{x, T) is the number of excursions of X' from dB(x, r) to dB(x, R) 
by time T and q'j^x) is the probability the jth such excursion hits x condi- 
tional on its entrance and exit points. When T is large, uniform local tran- 
sience implies that N'{x,T) and l\j=i Qj{x) 

can be estimated by their mean 
and, roughly speaking, this is the second event on which we will condition. 
Finally, we get control of the entire exponential moment by an application 
of Holder's inequality. 

We finish the section by recording a standard lemma that bounds the rate 
of decay of the total variation and uniform distances to stationarity: 

Proposition 3.3. For every s,t £ N, 
(3.2) max •) — vr||Ty < 4 max •) — vr||Tv||p'*(y7 •) — t^Wtv 



(3.3) max 



p^^^{x, y) 



1 



^ P'{x,y) J 

< max — — max \\p (x, •) — tt • 

^',y 7r[y) 



X 



Proof. The first part is a standard result; see, for example. Lemmas 
4.11 and 4.12 of [21]. The second part is a consequence of the semigroup 
property: 



1 J+s^ ~ 1 



p--{x,z) = -—-^p\x,y)p\y,z) 



7r(z) Ti^z) y 

Y^[p\x, y) - 7r(y) + 7T{y)]p%y, z) 

TT{Z) — 



y 



< (max ^iMl j .) _ Trllrv- + 1 



V y,z TTlz) 



□ 



Note that (3.2) and (3.3) give 
(3.4) max \\p\x, •) - ttWtv < ce'"" for t > aT^i^{G) 

p*+*(x,y) 



(3.5) max 

x,y 



1 



< ce"^" for t > T^,,{G) + aT^^{G) 
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where c > is a universal constant. We will often use (3.5) without refer- 
ence, and, for simplicity use that the same inequality holds when T^^^{G) + 
ctT^ix{G) is replaced by aTl^^^{G), perhaps adjusting c > 0. 

4. Hitting and Cover Times. In this section we will develop a num- 
ber of estimates useful for understanding the process of coverage via excur- 
sions of random walk between concentric spheres. Throughout, we assume 
that we have a sequence (G„) satisfying Assumption 1.1 with transience 
function p. We will often suppress the index n and refer to an element of 
{On) as G. 

4.1. Probability of Success. Fix R > r and let X be a lazy random walk 
on G. Suppose E = {xi, . . . ,X£} C V where d{xi,Xj) > 2R for i / j. Let 
E{s) = {x £ V : d{x, E) < s} where (i(x, E) = miUy^E d{x, y). 




Fig 3. The solid and dashed circles represent the boundaries of E{r) and E{R), respec- 
tively, and the small points are the elements of E. Note that X may re-enter E(r) during 
the interval rf^i(-E)] 

Fix /? > and define stopping times 

tq{E) = min{t > : X{t) £ dE{r)}, 
ao{E) = mm{t > tq{E) : X{t) ^ E{R)} 

and inductively define 

rf (^) = min{t > cj1_,[E) + : X{t) G dE{r)}, 

4{E) = mm{t > T^iE) : ^ E^R)}, 
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where dE{r) = {z : d{z,E) = r}. 

Fix a e [0, 13]. Let E) be the event that X{t) hits x in [t^{E), (t^{E)+ 

pf{x;E) = P[Sf{x;E)\X{Tl{E)),X{T^^,iE))], 

and 



af'^{x;E) = E 



t=rfiE) 



X{rf{E)),X{r^^,{E)) 



Finally, let p'^^^ix; E) = E^p'^'^ {x; E) and a"f(a;;S) = E^a'^''^ {x; E). For 
P > a> 1 note that 



I^;^{x;E)=pl%{x;E) + 0i^^ 



4,1 



Since p^'^(x; > cA ''(G) and T^A''(G)/|F| = o(l) as n ^ oo, we there- 
fore have 



(4.1) 



p^;feE) = (l + o(l))p;;^(x;£;). 



1,1 



From now on, we will write p^ji{x\E) for p^']j(x;-B). It is also true that 



a"|^(x; E) = (l+o(l))a^'^(.T; ii^) and we will also write ar^R{x; E) for a^'jj(a;; E). 

Lemma 4.1. For eac/i 5 > t/iere ea;isfs 70 > suc/i that for P — a > ^0 
and all n large enough we have 



-1,1 



1,1 



(4.2) 
(4.3) 



1-S< 



pf{x; E) 



l-5< 



V[sf{x)\X{T^{E))] 
af{x;E) 



E 



E 



*=rf(E) 



In particular, p"'^(x; E) < {1 + 5)p{r) and a^{x; E) < {1 + S)p{0)p{r). 
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Proof. Note that 



P[X{a^{E) +T!^)= z\X{t^{E)) = z„Xir^^,{E)) = 
P[X{a^{E)+T!^) = z,X{r^{E)) = z„X{t^^,{E)) = ZJ+^] 

P[X{r^{E)) = z„X{t^^,{x;E)) = 
/ P[X(rj^,(E)) = z^+^\X{a^{E) + T^) = z] \ 
[ P[X{r^^,{E)) = zj+i\X{r^{E)) = zj] ) 
P[Xia^iE) + T^) = z\XiT^iE)) = zj]. 



P[X(rj^,(i?)) = z,^,\X{t^'{E)) = z,] = [1 + 0{e-^(')]P^[X{To{E)) = 



Consequently, if fij denotes the law of X{aj {E)+T^) conditional on X{t-{E)) 
and X{tLi{E)) and fi is the law of X{a^{E) + T^) but conditional only 



pf{x-E)=lp[Sf'^{x)\X{Tl{E)),X{a^{E) + T^) = z,X{T^^,{E))W^^^^ 

<{l + 6) I P[Sf{x)\X{rf{E)),X{a^{E) + T^) = z]dn{z) 
={l + S)P[Sf{x)\X{r^{E))] 



The lower bound for p^'^{x;E) and the bounds for aj{x;E) are proved 



Lemma 4.2. Fix r > and S € (0,1). There exists 70 > depending 
only on r, 6 such that for all R>r, (5 — a> 70, and n large enough we have 

k 



Mixing considerations imply 



and 



P[X{t^^,{E)) = zj+,\X{a^{E) + T^) - 
..[I + 0(e-^(^--))]P,[X(ro(£;)) = zj+i]. 




similarly. 



□ 



(4.4) 



P J^Pfi^-' E)^ [1-6,1 + d%j,{x; E)k 




UNIFORMITY OF THE UNCOVERED SET OF RANDOM WALK 



17 



and 
(4.5) 



J2 i^) ^ [1 - <5, 1 + 6]arMx; E)k 

C6^ar,R{x-E) ~ 



< 4exp 



p{r) 



-k 



where C > is independent of r,R,6. 



Proof. Let ^ be the measure on dE{r) induced by the law of X{tq{E)) 
given that X has a stationary initial distribution. For each 5 > 0, let M{6) 
be the set of measures u on dE{r) satisfying 



(4.6) 



max 

z&dE{r) 



1 



+ max 



fl{z) 



u{z) 



1 



< 5. 



Let ^y{z) = Py[X{T^{E)) = z] where t^{E) = mm{t > Tlj : X{t) G 
dE{r)}. Mixing considerations imply that /iy G M.{Ce~'-''^) for some C > 0. 
Fix 5 > 0, (5' < (5/2, and take /3 - a = 7 so large that Ce~^^ < 6' /2. 
Let JL, ^ be elements oiM{S'/2) such that P[Sq'^{x)\X{to{E)) = Z] where 
Z ]I, stochastically dominates from above and below, respectively, all 
other choices in Ai{6' /2). Assume that 70 is chosen sufficiently large so that 
the previous lemma applies for 6' /2 when n is sufficiently large. 

Let {Uj),{Lj) be iid sequences with laws P[Sq'^ {x)\X{to{E)) = Z], Z ~ 
]I, jjL, respectively. With U = Ef/i and L = EC/, obviously 

(1 - 5')p,.r{x; E)<L<U<{1 + 5')%^r{x; E). 

By construction, we can find a coupling of Uj,Lj,p'^'^{x;E) so that 

Lj < pf^{x; E) < Uj for all j. 

Corollary 2.4.5 of [14] implies 

1 



hence Exercise 2.2.26 of 
of the law of C/i satisfies 



Mr) 



([/e^V(r-) ^ 2p{r) - U) 



k*{u) > A*(n) 



u 



Mr) 



log 



gives that the Fenchel-Legendre transform A* 

u/{2p{r)) \ 



+ 1 



u 



Mr) 



log 



1 



l-C//(2p(r)), 
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As 



we have 



A*(;7) = (A*)'(C/) = and iA*)"{u) > 



2p{r)u 



inf A*(n) > — ^(O^fJ^ = 

assuming 5' < 1. Consequently, Cramer's theorem (Theorem 2.2.3, part (c), 
of [14]) implies that 



(4.7) 



^C/i < {l + S')Uk 



.1=1 



> 1 - 2 exp 



{6'yuk 

4p{r) ^ 



An analogous estimate also holds for (Lj) with U replaced by L. The proof 



of concentration for the a'^'^{x; E) is the same 



□ 



4.2. Excursion Lengths. In this subsection we will estimate the mean and 
prove concentration for the lengths t^_^-^{E) — t^{E) of successive excursions. 
Before we do this, it will be helpful for us to estimate the Radon-Nikodym 
derivative of the law of random walk conditioned not to hit E{r) with respect 
to the stationary measure vr. 

Lemma 4.3. For a, s > we have 

Py[X{Tl^) = z\A] = [l + 0(e-^" + |^|/)(s,r)) + o(l)]7r(z) as n ^ oo 
where A = {t{E) > , d{X{T^),E) > s}. 
Proof. For z with d{z,E) > s, observe 

Py[X{T^) = z,T{E)>T!^] 



Py[X{T^) = z\A] 



Py[A] 



Py[r{E) > T^\X{T^) = z]Py[X{T^) 



Py[A] 



=(l + 0(e— )) 



Py[T{E)>T!^\XiT^) = z]niz) 

Py[A] 



For a' < a, 



Py[T{E)>T:^\X{T!^) = z] 

--Py[TiE) > - T^,\X{T^) = z]- Py[T^ > t{E) > - T^,\X{T^ 
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We have 

P \t(F^ >T^ - T^l X(T^\ - ^1 - 1 _ Pi/['^(-^) <Ta - T^,,X{T^) = z] 

=1 - ' Py[X{T!^) = z\t{E) < - T^,]Fy[T{E) < - T^,] 

=Py[T{E) > - T^,] + 0(e-^("-"')). 
Note that 

Py[T^ > r{E) > - T^,\X{T^) = z] 

""'""^'PyiT^ > r{E) > - T^„X{T^) = zHy). 



Tr{y)Tr{z) 
By reversibihty, this is equal to 

^-^^^I^PME) < T„^, d{X{t),E) > r for all T^, < t < T^,X{T^) = y] 
={l + 0{e-<--^'y))PME)<T^>] 

A union bound implies this is of order O {\E\p{s,r) + o(l)). With Ai = 

{d{X{T^),E)>s}, 

Py[A]=Py[TiE)>T^,Al] 
= {Py[T{E) > - T^,\Al] - Py[T^ > t{E) > - T^,\A,])P y[Al] 

=Py[T{E) > - T^,] + O (e-^("-"') + \E\p{s, r) + o(l)) , 
the last line coming from a similar analysis as before. Consequently, 

Taking a' = a/2 gives the lemma. □ 

Let Tk{E) = tI{E), ak{E) = al{E), and T,,r{E) = ^^[ti{E) - to{E)]. 

Lemma 4.4 (Mean Excursion Length). For every r, 5 > there exists 
Rq> r such that R> Rq implies 

(1 - S)Tr,R{E) < min E ro(E) < max E^to(£;) < (1 + 5)Tr,R{E) 
for all n large enough. 
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Proof. We have that 

E^[n{E) - To{E)] = EME) - To{E)] + E^[n{E) - ao{E)]. 
Obviously, 

E^[ao{E) - To{E)] < max EyaoiE) < cT^^{G) 

yeE(r) 

for some c > since in each interval of length T^^^{G), random walk started 
in E{r) has probability uniformly bounded from below of leaving E{R) pro- 
vided n is large enough. It is also obvious that 

min EyTQ{E) < E^[ti{E) - cro(S)] < max E„ro(S). 

The previous lemma implies 

(1 - 6)EME)] < Ey[To{E)\A] < + (1 + 5)EME)] 

for all y ^ E{R) provided we choose R, a, s, n large enough to accommodate 
our choice of 6. Hence, 

(1 - 6)EME)] < Ey[To{E)] < (1 + 6)EME)], 

as it is not difficult to see that T^-^^{G) = o{Trfi{E)) as n — > oo. Therefore 

max |'i^<l + d, 

which proves the lemma. □ 

Lemma 4.5 (Concentration of Excursions). For each (3 >0 and r,6 > 
there exists Rq > r such that 



(4.8) P, y^{E) < (1 - 5)Tr,R{E)k 

(4.9) Vyy^(E)>[l + 5)Tr,R[E)k 

for all R > Rq, y £ V , and n large enough. 

Proof. We adapt the proof of Lemma 2.4 of [10] to our setting. First of 
all, it follows from Lemma 4.4 that 

maxEjTo(^)] < CTr,R{E) 
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for some C > provided R, n are sufficiently large. Consequently, Kac's 
moment formula (see [IS], equation 6) for the first hitting time of a strong 
Markov process implies for any j G N we have that 

(4.10) maxE,[(ro(i?))^] < jyT^j^iE) 

for some c > 0. This implies that there exists Aq > so that 

maxBy exp[XTo{E) /Tr^R{E)] < oo for all A G (0,Ao). 

Using Ei[ao{E) — tq{E)] = o{Tr^R{E)), a similar argument implies that, by 
possibly decreasing Aq, 

maxBy exp[Xao{E) /Tr^R^E)] < oo for all A € (0,Ao). 
Combining the strong Markov property with TU = o{Tr^R{E)) yields 



max Eyexp[XT^{E)/Tr,R{E)] < oo for ah A G (0,Ao). 

Let -Ro be large enough so that the previous lemma implies 
(1 - 5/2)TrR{E) < min EyTo{E) < max EyTo{E) < (1 + 6/2)TrR{E) 

y<^E{R) ■ yiE(R) 

for R> Rq and n large enough. We compute, 

max E„e"^^o(^) < 1 - 6* min E„ro(£^) + (9^ max E^Tn (-B) 

viEiR) vmR) ymR) 

<l-9{l- 5/2)Tr,R{E) + pO^ < exp{p9^ - 6(1 - 5 /2)Tr,R{E)). 

where p = cT^j^{E) for some c > 0. Since tq{E) > 0, Chebychev's inequality 
leads to (4.8) as 



P. 



r^{E) < (1 - 5)Tr,R{E)k\ < exp(0(l - 5)Tr,R{E)k)Eye-'^^^''^ 
<exp{e{l-6)Tr,R{E)k) 



max Eye-^""o(^) 



jjtEiR) 

< exp(0(l - 6)Tr,R{E)k) exp{p9^k - 9{1 - 6 /2)Tr,R{E)k) 
Taking 

cip 
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we get that 

T^{E) < (1 - 6)Tr,R{E)k\ < ex.p{pe^k - eTr,R{E)k6/2) 



P. 



<exp{p6%y{E)k/{cip^) - 5%^^j^{E)k/{2cip)) < exp{-c6^k), 

provided we take ci sufficiently large. 
To prove (4.9), we need to bound 



r^{E) > (1 + S)Tr,R{E)k 



<eM-0{l + 6)TrR(E)k) ( e^^/s'maxE^e^^o^-^) max Ey^^'^^^^-^'^^^A 

\ y y&E{r) J 

We note that 

maxE„e^^«(-^) < (1 + o(l)) max By^°^'^'^ 
< exp(0(l + 6/2)Tr,R{E) + pO^ + o(l)). 

Take 

^^ 6Tr,R{E) ^ 

cip 

with ci to be fixed shortly. Since maXyg£;(j,) Eiy[aQ{E) —to{E)] = o(T,i~,r[E)) 
as n — > oo, Kac's formula yields 

max ^y\-"o{E)-To{E)\ ^ ^ ^ as n ^ oo. 

yei?(r) 

Since = o{Tj.^r{E)) as n ^ cxd as well, we have 

Py[Ti^iE)>{l + 5)TrME)k] 

< exp(-6'(l + 5)Tr,R{E)k + ^(1 + 6/2)Tr,R{E)k + p9^k + o{l)k) 

< exp{-95Tr,R{E)k/2 + pO'^k + o{l)k). 

Taking ci > large enough gives the result. □ 
4.3. Hitting and Covering. 

Lemma 4.6 (Hitting Time Estimate). For every 5 > there exists ro 
such that for each r > r^ there is an Rq > r so that if R> Rq the following 
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holds. If En = {xni, ■ ■ ■ ,Xne} Q Vn with d{xni,Xnj) > for i ^ j and 
Vn "is such that d{xni, Vn) > 2i? for all n, then 



(4.11) 
(4.12) 



1 — 5 < lim inf 



Tr,R{En)/Pr,R{Xni;E) 

< lim sup ^^^-l^""'';^ <l + 5. 

n-*oo Tr^R{En) / Pr,R{Xni', E) 



Proof. We will omit the indices n and i and just write x for Xni, y 
for Un, and E for En- Fix r sufficiently large so that p(r) < Let 
N{x; E) = min{/c > 1 : l^a,/3^^^ = 1} and let 

f{x) = min{t > : X{t) = x and t e 1} 
Ik = [rf (x), af (x) + T^] and I = Ukh- 



where 
Then 

Let 



A{M;S)= n B{j;S)= f] {{1 - S)Tr,R{E)j < (E) < {1 + S)Tr,R{E)j} ■ 

j>M j>M 

With ||r(a:)|| = max^ E^r (x) , note that 

Eyf{x)lAc(M;S} < Ej/T(x)lBc(j;5) 
j>M 



<E 

j>M 



EyT^{E)lB.U;S) + \\r{x)\\P[B'{j;6)] 



<2cy: 

j>M 



jTr,R{E) + \\t{x) 



(4.13) 



<Ci\\Tix)\\ ^(l+i)e-^^^'<C2||f( 

j>M 



Xj 



-CS'^M 



5^ 



In the third step we used that 

EyT^{E)ls.u.^s) < (E,[rf (i?)]^)i/2(P[i?^(i;<5)])V2 



< 



2Tr,R{E) 

A 



j {Eyexpi\T^iE)/ijTr,RiE)))y^' Ce 
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where A G (0, Aq), Aq as in the proof of Lemma 4.5. Uniform local transience 
implies 

\EyT{x) - ||r(x)||| < 6EyT{x) 

when R is large enough. Consequently, there exists M > large enough 
depending only on 5 so that 



EyT{x)lA(M;5) < Ej,r(x) < {1 + 5)EyT{x)lA(M;5)- 



Now, 



E. 



l'^N{x;E)+l(^)^A{M;5) - 



^N{x;E)+l 



(E) 



N{x]E) 



l-A(M;<5) 



N{x;E) 

<(1 + 5)Tr,R{x)EyN{x- E) + EyT^,{E) < (1 + 6)Tr,R{E)EyN{x) + CMTr,R{E). 
and, similarly, 

EyT^^^.E){E)lA^M;5) > (1 - 5)Tr,R{E)EyN{x;E). 

Therefore 

EyT{x) < (1 + 25)X,,R{E)EyN{x- E) + CMTr,R{E). 
By Lemma 4.2, 



Pr,ij(a;; E) 



exp(-(l + (5)p^(x; E)j) - Cexp 



C5%^r{x;E) 
p{r) 



C6'^Pr jl{x; E) 
p{r) 



<E,p^^,(x;i?)exp -[I + 0{p{r))]Y^p'^^'\x- E) 
\ 1=1 

<Pr,R{x] E) exp(-(l - 5)%^ji{x] E)j) + Cexp 
Taking r sufficiently large gives 

oo 

EyN{x;E)=Y,jnN{x-E)=j] 
i=i 

oo 

<CM^p{r)+ 3{l + o{l))[%^R{x;E)eM-{^-5)Pr,R{^;E)j) 

j=M+l 

<2CM'p{r) + ^^±^ 

PrAx] E) 
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Similarly, 



ByN{x;E) > 



1-5 



Increasing r if necessary so that M'^p{r) < 6 yields 



1 - 25 



< ByN{x;E) < 



1 + 25 



This proves that Eyr(x) = (1 + o(l)) - '^(^..^^ as n ^ oo. By mixing con- 
siderations, the probability of the event that X hits E(r) in Jj. = 
[4{E)+Tli,ai{E)+T}^] is 0{Tj^\E\K\G) /\V\). With F = uS^^^+^F^, 
we have 

Ej^r(x)li7"= < EyT(x) < EyT(x) 
and, analogous to the proof of (4.13), 

'T]^\E\K'{G)V''^- 



Eyr(x)lFc 



l + O 



\V\%A^;E)) 
The lemma now follows since ^(x; E) > CA~''(G). 



□ 



We will now specialize to the case E = {x}; for simplicity of notation we 
will omit E. Let 



Lemma 4.7. For every 5 > there exists ro so if r > ro there is Rq > r 
such that R> Rq implies 

(1 - 5)tt{x) < Or,R{x) < (1 + 5)tt{x) 

for all n large enough. 

Proof. Let N{x,T) = mm{k : rf (x) > T}, Jk as in the previous lemma, 
J = UfcJfc, and g{x) = cr(X(rJ^(x)) : j > 1). Then 



N{x,T) 



E «r(^)<E 



El 

.t=i 



g{x) 



N(x,T)+l 

< E ^f(^)- 



Lemmas 4.2 and 4.5 give that 



(1 - 5)Tr,R{^) < < (1 + 5)T,,r(x) and 



(1 - (5)ar,R(x) < 



— ^ (1 + 5)ar,R{x), 
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with high probabihty as T ^ oo, for all r, R,k,n, fi — a large enough. Con- 
sequently, using that (a"'^(a;) : j > 1) is uniformly bounded, it is not hard 
to see that 



_ , . N{x,T) _ , . 

(1-<^)S44<;^ E a"'^(:r)<(l + 5)^^. 



with high probability as T ^ oo, for all r, R,n, (3 — a large enough. The 
middle term converges to it(x) as T ^ oo since 



1 ^ 



□ 



Uniform local transience implies that there exists constants c, C > so 
that car^nix) < r{x) < Car^R{x); combining this with the previous lemma 
yields 

cdeg(a;) ^ Pr,R{x) ^ Cdeg(a;) 
\V\ - Tr,R{x) - \V\ • 

Let e > and let 

be a partition of into at most Age"^ subsets, where Aq is the constant 
from Assumption 1.1. By passing to a subsequence, we may assume without 
loss of generality that 

= hm = iim 



n— >oo 



*oo iog|y„| 



exists for every k. Note that G [0, 1] for those k so that |i7^ ^| 7^ for all 
n large enough and, since the partition is finite, necessarily there exists k so 
that = 1. In particular, there exists k so that 7^ 0. Let 

(4.14) = ^(^jfcg 41og|K| and Q = maxC^,. 

Lemma 4.8 (Cover Time Estimate). For each J > there exists ro,eo 
so if r > ro t/iere is Rq > r such that R> Rq and e £ (0, eo) implies 

(4.15) 1 - <^ < liminf < Umsup ^^^^ < 1 + 5. 
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for all k with > 0. Furthermore, 

(4.16) l-,5<liminf %^ <limsup%^^ < 1 + 5 



Proof. Suppose k is such that (i| > 0. Then \H^i^\ — > oo as n — > oo. Let 
r,R,n > be sufficiently large so that Lem ma 4.6 applies with our choice 
of 5. Since log|i?(x,r)| = o(log|y„|), it follows that for all n large enough 
there exists an i?-net ^ of ^, such that 

log \E'„,k\ = log \H^^k\ + as n ^ oo. 

The upper and lower bounds from the Matthews method ([22]; see also 
Theorem 11.2 and Proposition 11.4 of [21]) combined with the definition of 
^ imply (4.15). Theorem 2 of implies that 

Tcov(-f^^fe) 

hm — , T— ^ — ^ = 1. 

As Tcow[Gn) = ™axfc rcov(-f^^ fc) and the maximum is over a finite set, it 
follows that Tcov{Gn) = (1 + o(l)) maxfc Tcov(-f^^ fc)- Taking expectations of 
both sides gives (4.16). □ 

5. Correlation Decay. Note that vertex transitivity implies r{') 
and Tr^R{-) do not depend on their arguments. 

Proof of Theorem 1.6. First, assume that we are in the case of bounded 
maximal degree. Let E be as in the previous section and let (5 > be ar- 
bitrary. Fix r so that p(r) < and Pr r < 6"^ where i = \E\. Let 
Rq > r and (3 — a he sufficiently large so that Lemmas 4.2 and 4.5 apply 
with our choice of S,r. Finally, let N{xi) = min{A; : S'^'^(xi) occurs} and 
G{E) = a{p^'^ [x; E) : x ^ E,j > 1). Since d{xi,Xj) > 2R, the probability 
that X neither hits x nor x' in the interval [Tj{x; E), E) + is 

(5.1) 1 - [l + 0{p{R))][pf^{x-E)+pf{x'-E)]. 

This holds more generally for any subset of E^ hence 
E[P[iV(xi) > fci, . . . , N{xf) > ke\g{E)]] 

I I k- 

=E n exp -[1 + 0{p{r))] J2 E) 
i=i \ j=i 

= exp (-[l + 0{6)]J2Pr,R{^uE)k,] + Y,0{eM-Pr,R{^u E)iki/6)), 
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where the last equahty fohowed from our choice of r and Lemma 4.2. Com- 
bining this with Lemma 4.5 and that the probabihty X hits E{r) in is at 
most 0{Tj^\E\K'{G)/\V\) = o{%^r{x]E)) for any x G ^, we have 

P[r(xi) > kTr^R{E) /%^ii{xi;E), . . . ,t{xi>) > kTr^R{E) /^^^{xn] E)] 
=(1 + o(l)) exp (-[1 + 0{5)]lk) + 0{e^v{-C5^k/p{r))) 
=(l + o(l))exp(-[l + 0((^)]£A;) 

By vertex transitivity, 

Thit(G) = (1 + 0(1))?^ = (1 + o{l)) _^^f% 

Using that the cover time is asymptoticahy rhit(G) log \ V\ gives the result. 

This proof works also for unbounded degree, but is not quite sufficient 
for the statement of our theorem since we would like to allow for points in 
E to be adjacent. There are two parts that break down. First, in Section 4 
we proved the concentration ol p^'^{x; E) when x & E and we also assumed 
that x,y ^ E implies d{x, y) > 2R. To allow for x, y adjacent, we define 

pf{y;E) = P[Sf^^{y-E)\X{T^m,X{T^_,,{E))] 

for y G E{r/2). It is not difficult to see that for such y, p"'^{y;E) exhibits 
nearly the same concentration behavior as for y G E. Second, the estimate 

(5.1) is no longer good enough since p(l) does not decay in n. However, it 
is not difficult to see that the same probability satisfies the estimate 

(5.2) 1 - [l + 0(K-\G))]\pf^{x;E) + pf^ {x'; E)], 

which suffices since A ^{Gn) — > as n — > oo. The rest of the proof is the 
same. □ 

Vertex transitivity was used only to get that Tr^R{x; E) /pj.j^(x; E) = 
(1 + o(l))rhit(G). The same proof works more generally, but leads to more 
complicated formulae. However, it is not difficult to see that the upper bound 
takes a very similar form: 

Lemma 5.1. If (x^) for 1 < i < i is a family of sequences with x\ G 
o,nd — x^l > r for every n and i ], 

(5.3) P[4 G £(a; G„) for all i] < (1 + <5,,,)|K|-^'^^"+^'>^ 

where 6r/ —> as r —> oo while £ is fixed. If A(Gn) oo then we take r = 1 
and 5i^i = o(l) as n ^ oo. 
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6. Total Variation Bounds. 

6.1. Lower Bound. We will now prove the lower bound for Theorems 1.3 
and 1.5. This is actually just a slight extension of Theorem 4.1 of [23], but 
we include it for the reader's convenience. Recall from the introduction that 
a,G) is the probability measure on X{G) = {f : V ^ {0, 1}} given by 
first sampling TZ{a; G) then setting 



i{x) if X e n{a;G), 
otherwise, 



where (^(x) : x £ V) is a collection of iid variables such that P[^(x) = 0] = 
P[^(x) = 1] = 5 and z^(-; G) is the uniform measure on X{G). 

Lemma 6.1 (Lower Bound). For every 5 > 0, 

lim !!/,(.; 1-<5,g„)-K-;G„)||tv = i. 

Proof. For ACV and m > 0, let 

Tcov(^) ^) be the first time all but m 
of the vertices of A have been visited by X. For each k such that > we 
will show that 

(6.1) limP[TcoAK.k, IKkH < (1 - a - 5)C;,] = 

for each 6 > and e G (0, eo(<^))- If not, then for some such k, 6, a we have 

limsupP[A„_fc(a, 5)] > 

n— »oo 

where 

It follows from the Matthews method upper bound ([ 2]; see also Theorem 
11.2 of [ ]) that 

n-rcoAKk) - TcoAKk^ |F^,fcr)|A„,fc(a,5)] 
<a(l + 0(e))Q,,<a(l + <5/4)Q,fc, 

where we take e so small that the 0(e) term is at most 5/4. Markov's in- 
equality now implies 

nrcoAKk) < (1 - V2)Q,fc|An,fc(a,5)] > 0. 

This is a contradiction as Theorem 2 of [ ] implies '^cov(-f^^ fc)/C^ ^ — > 1 in 
probability. 
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For each n let ko(n) be an index that achieves the maximum in max^ f^. 
Now, (6.1) implies that whp at time ^{1 — 3(5)Tcov(G„) = ^(l — 35 + 
^(^))^nfco{n) ^^^^ subset of not visited by X is at least 

\H' . .„J(^+25+0(e))/2 iggg ^-^^^ iffe |{i+45+0(e))/2_ rp^^g ^j^^ number 

of zeros in a marking of ko{n) sampled from ^(1 — 3(5), Gn) is whp at 
least 

h\KMn)\ + (1 + «(l))IK,.oWl^'^''^''^^^^^' as n ^ oo. 

This proves the lemma since the probability of having deviations of this 
magnitude from the mean tends to zero in a uniform marking. □ 

6.2. Concentration of Qj . Let qj{x) = P[Sj{x)\X{Tj{x)), X{aj{x))].Note 
that qj{x) is the not the same as p^'^{x) from Section 4. Indeed, the excur- 
sions on which we condition are different since we do not allow the random 
walk to run for a multiple for T^^^{G) after exiting dB{x,R) and we con- 
dition on the entrance and exit points of the current excursion rather than 
the entrance points of the current and successive excursion. While both of 
these changes may seem cosmetic, they affect the concentration behavior, 
since while Pj'^{x) satisfies (4.2), in locally tree-like graphs it can be that 
qj{x) = 1 with positive probability. 

Suppose that {Gn) satisfies Assumption 1.2 part (1). Let e > be arbi- 
trary, be as in Assumption 1.2, 7 > to be determined later, and let E 
be a set of points in Vn such that if x, y are distinct in E then d{x, y) > 4i?J^. 
Fix > r > and let Tk+i{E) = mm{t > ak{x) : X{t) e dE{r)}. Fix /3 > 
and define indices i(j, x) inductively as follows. Set 

i{l,x) = min{A; > 1 : Tk+i{E) - ak{x) > T^] 

and, for each j > 1, let 

i{j + l,x)= niin{fc > x) + l: Tk+i{E) - ak{x) > T^}. 

When X is clear from the context we will write for x). 

Lemma 6.2. For each 6 > and r > there exists Rq > r such that for 
R > Rq fixed there exists iid random variables x) : x €z E,j > 1) which 
stochastically dominate from above {i{j,x) : x £ E,j >1) and satisfy 

P[/((l - 5)j,x) > j] < Cexp{-C6^j) 

for all n large enough. Let Q{i,x) = o-({gj(fc)(x) : A; / j} U {qii^k){y) ■ V ^ 
E\ {x}}). There exists iid random variables {Qj{x) : j > I) taking values 
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(a) Entrance and exit points of an excur- (b) Entrance and exit points of an excur- 
sion from B{x,4) to B{x,6), respectively, sion from B(x,4) to B{x,6), respectively, 
conditional on which random walk has a low conditional on which random walk is forced 
probability of hitting x. to hit x. 



Fig 4. The concentration behavior of the qj{x) is very different from the p"''^ (x) since it is 
not in general true that qj{x) < Cp{r) while it is true that p"'^ {x) < Cp{r). For example, 
in a graph which is locally tree like as depicted above, it can be that qj{x) = 1 for some 
combinations of entrance and exit points. 



in [0, 2p(r)] such that 

Qj{x) 

and 

for all n large enough. Furthermore, the families {{Qj{x) : i > 1) : x G -E} 
are independent. 

Proof. Define stopping times 

akQ{E) = min{t > ak{x) : d{X{t),E) > 2Rl}, 
Tki{E) = mm{t > akoix) : d{X{t),E) < Rl} 
For J > 1, inductively set 

akj[E) = min{t > Tkj{E) : d[X{t),E) > 2RZ}, 
rkU+i){E) = mm{t > akj{E) : d{X{t),E) < R^. 
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Note that akj{E) — Tkj{E) > KJ^. Thus, for = /K^ we have that 
Tkip[E) > cjfc(x) + T^. Let Fk[x) = {X{t) G E{r) for t £ [ak{x),ak{x) + 
T^]}. Let Xkj be the element in E such that d{X{Tkj{E)),Xkj) < RZ- Ob- 
serve 

Px{r,,iE))[X{t) G E{r) for t G [Tkj{E),akj{E)]\xkj] 
<C max g{y,B{xkj,r);Gn). 

Uniform local transience also yields 

PxK(x))[^(i) G E{r) for t G [afc(x), rfco(i^)]] < Cp{R,r) < S/2, 
provided i? > r is large enough. A union bound thus gives 




(6.2) < 6/2 + o(l) < 5, 

as n — > oo by part (1) of Assumption 1.2. Note that if xi, . . . ,Xi G E and 
i(l), . . .,j{k) are such that Tj(fc)(xfe) < Tj(fc+i)(a;fc+i) then we have 

<<5P[F,(i)(xi), . . . , F,.(,„i)(x,_i)] <...<6'. 

This can of course be repeated with any subset of the above events which 
implies the stochastic domination claim. It easily now follows from Cramer's 
theorem that 

P[/((l - 6)k,x) > k] <2exp{-C6^k). 

For the second part of the lemma, we just need to get a bound on 
/i^(z)/7r(z) where is the law of random walk started at x conditioned 
not to get within distance r oi E by, say, time T^j^- This can be done in ex- 
actly the same way as in the proof of Lemma 4.3. Indeed, the term \E\p{s, r) 
in the statement of that lemma comes from a bound on the probability that 
random walk at distance s from E hits E in time . In the situation of this 
lemma, the role of s is replaced by R'J^ and we can use the scheme developed 
above to estimate the error contributed by this term by 0{5) provided n is 
sufficiently large. □ 
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Lemma 6.3. // (Gn) satisfies part (2) of Assumption 1.2 then for each 
r, > there exists Rq > r such that R> Rq implies 



(6.3) 



n(i-'?,(x))>(i-(i+5)p.,H(^))'(^+^) 



< C[exp (^-C6%^ji{x)k/p{r)^ + exj>{-C6^k)]. 

for all n large enough. 

Proof. The uniform Harnack inequality implies that qj{x) < 2Cp{r) 
where C = C{R/r) is the constant from the statement of part (2) of As- 
sumption 1.2. Let Fj = {Tj{x) — cjj_i(x) < T^}. Arguing as in the previous 
lemma and invoking uniform local transience, there exists iid random vari- 
ables Fj{x) with P[-Fj(x) = I] = 5 = 1- ^[Fj{x) = 0] that stochastically 
dominate {\p.(^x-^ : j) provided R is sufficiently large. We let be the jth 
smallest index i such that Fi(x) occurs. The lemma now follows from an ar- 
gument similar to that of Lemma 4.2. Indeed, we can stochastically dominate 
q^Q){x) from below by iid random variables Lj with ELj > (1 — 5)p^ ji{x) 
and Lj < lOCp(r). By Cramer's theorem. 



11{1-L,)>{1-{1 + 6)p,^r{x)Y 



<Cexp(^-C6\.dx)k/p{r)). 



The lemma now follows since, again by Cramer's theorem, 
P[i((l - 6)k) >k]< Cexp{-C6^k). 



□ 



6.3. Proof of Theorem 1.3. Let 5 > be arbitrary and assume that 
R > r, no, e have been chosen so that for all n > no we have 

1-6 < ^^°"^f"^ <l + 5. 

We may assume without loss of generality that > for all relevant k and, 
in particular, that ^.l"*^ — > for every k. Indeed, Lemma 4.6 implies that 
Thit(G„) = e(|K|), consequently if log \H'^ J ^ as n — > Qo then Tcov{H^ k) 
is negligible in comparison to Tcov(G„). If satisfies Assumption 1.2 

Part (1) we take R'^ as given there. Otherwise, we take R^ = max{i? > : 
maxa;gy„ \B{x,R)\ < IKT}- 
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Lemma 6.4. Let TZ{t) denote the range of random walk at time t and 
C{t) = V\n{t). Letting 




20Aosup„ A^(G„)/(,5ed^) if sup„ A(G„) < cxd, 
20Ao/(5e(i'^) otherwise 



and 

To = mill {r > : max \C{t) n B{x, Rl)\ < m} , 

we have that P[7o > ^^^Y^Tco^{Gn)\ = o(l) provided 7 is sufficiently small, 
R is so large that 6R^m < ^, = min{d^ : > 0}, and m = 20/d^. 
Furthermore, letting 

Ti = mill {t > : \C{t) n H^^i,\ < ^| 

we have that P[Ti > ^Tco^{Gn)] = o(l). 

Proof. First suppose that has uniformly bounded maximal degree. 
Fix R > r and let E be an i?-net of ^ . Fix x G ^ and suppose that 
xi, . . . , X£ G B[x, RX) n -ff^ fc n are distinct. Lemma 5.1 gives us 

P[xi, . . . G £((1 + 6)/2- Gn)] < (1 + 5ij,£)|Kr('+')'''^/'+'«'^ 
Consequently, a union bound yields 

P[|£((l + 6)/2- Gn) n B{x, Rl) r\E\>i] 

<(l + 5^^,)|V;|{7-(l+<5K/2K+'5«,^ 

Hence choosing 7 < the above is 0(|Vn|~^). Since the number of disjoint 
i?-nets necessary to cover H^f. is at most A {Gn), the result now follows 
from a union bound. In the case of unbounded maximal degree we can 
skip the step of subdividing the ^ into i?-nets since in this case di^m — > 
0, otherwise the proof is the same. The second claim is immediate from 
Markov's inequality and Lemma 5.1. □ 



Let N{x, T) be the number of excursions from dB(x, r) to dB(x, R) that 
have occurred by time T. 
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Proof of Theorem 1.3, under Assumption 1.2 part (2). Let 



N(x,T) 

T2 = mill <j T > : max H " - Wn,k\'^''^'^ for all A; [ . 



and set 
(6.4) 



T = To V Ti V T2 V 



1 + 55 



Tcov(G). 



Let /co(n) be a sequence so that liminf^^oo '^^^(n) > ^^o > 0. For x G ^^^^^^ 
we have 



1 + 3(5 



Cn,fco(n) - 



l + 35 + 0(e)\ 5oT,,R(x)log|K 



4p(r) 



for all n large enough. Thus letting Af^fcy(„)(a^) = (l + 3(5)/2-C^(a;)/Tr^R(x), 
we have 

'l + U + 0{e)\ 5olog|K| 



n,ko{n) 



(x) > 



4/)(r) 



Now, 



>1 - Cexp 



p(r) 



■loglKI > i-o(|y| 



-100^ 



provided we choose r large enough. Choosing R > r sufficiently large. Lemma 
6.3 gives us 



n (l-9,(^))>l^^,fco(n)l 

i=i 



-l/2-<5 



Combining everything. 



(6.5) 



1 + 55 



Tcov{G) 



0(1) as n ^ 00. 



Let be the probability on X{G) given by first sampling TZ G according 
to fio, the measure on subsets of V given by running X to time (1 + 55) /2 • 
Tcov{G), then sampling f\TZ by marking with iid fair coins and /|y \ 7^ = 0. 
Define Jl similarly except by sampling IZ^ G according to //q, the measure 
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given by running X up to time T rather than (1 + 56) /2 ■ Tcov(G). As a 
consequence of (6.5), 



l/u - I^Wtv < P 



1 + 56 



Tcov{G) 



o(l) as n ^ oo. 



Suppose we have two independent random walks X, X' on G, each with 
stationary initial distribution, and let T, T' be stopping times for each as 
in (6.4). Let TZ,TZ' be their ranges at time T,T', respectively, and C = 
V \TZ, C = V \TZ' . Let qj{x) be the quantity analogous to qj{x) for X' 
and Q = a{q'j{x) : j > 1). The previous lemma implies that we can divide 
C into M disjoint sets Ei, . . . , Em such that if x, y G E£ with x ^ y then 
d{x,y) > K[> R. Consequently, letting Q{E() = ®x<^Ei,Q{x) we have 

E[exp(c|/:n£'ns,|)|6;(£;,)]< n 1 + H (i-^K^)) 



<exp e^J^li/, 



i=i 

1-5 



n,fc I 



Since Ei, . . . , Em cover £, it follows from Holder's inequality that 

l/M 



(6.6) 



Eexp(C|/:n£'|) < 

< 1 + 2 



exp(e^^^^|i/;;,fc 

exp(CM) 
M 



Proof of Theorem 1.3, under Assumption 1.2 Part (1). Let 

T ■ Ir^n (l + 2^)bg^ 1 
i2 = nun < i > (J : max max — r^r^ — ;;;; ^— < 1 



^■eJ^:,^ 2iV(x,r)p^(x) 



and 
(6.7) 



T = To VTi VT2 V 



1 + 55 



T'cov(G). 



It follows from Lemmas 4.5 and 4.8 and the definition of ^ that 



(6.8) 



1 + 56 



Tcav{G) 



0(1) as n — > 00. 



□ 
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Let ^ be the probability on X{G) given by first sampling TZ G according 
to the measure on subsets of V given by running X to time (1 + 55) /2 ■ 
Tcov(G), then sampling f\TZ by marking with iid fair coins and f\V\TZ = 0. 
Define Jl similarly except by sampling TZ C G according to Jlo, the measure 
given by running X up to time T rather than (1 + 56) /2 ■ Tcoy{G). As a 
consequence of (6.8), 



l/u - I^Wtv < P 



1 + 55 



Tcov{G) 



o(l) as n ^ oo. 



Suppose we have two independent random walks X, X' on G, each with 
stationary initial distribution, and let T, T' be stopping times for each as in 
(6.7). Using the same notation as the previous proof, by the definition of 7^' 
we have 

/ /N{x,T') 

E[E[eMC\^^^'^m\GiEe)]]<EY[ il + e<\ [] (1 " 9-(^)) 



(6.9) 



''N{x) 



xeEi 



where N(x) = (1 + 25) log \H^^ klf^Pr r{^) ^ is such that x E ^. Let 

il + 5/2)log\H^A 



N{x) = (1 - 5)N{x) > 



Observe that (6.9) is bounded by 



( 



En 

x^E, 



1 + e'^ 



V 



/ N(x) 

n(i-4-)(^))+i 



{/(7V(x))>7V(x)} 



As El satisfies the hypotheses of Lemma 6.2, this is in turn bounded by 

/ N{x) 



En 1+ 



n(i-(i-V4)Q;-(x)) I +o(|y| 

i=i 



'100^ 



<exp(^e^^|i/;;,fc|-'^^. 



The theorem now follows from Holder's inequality, as in the previous proof. 

□ 
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6.4. The Lamplighter. 

Proof of Theorem 1.5. This is proved by making several small mod- 
ifications to the proof of Theorem 1.3. Namely, rather than considering the 
range of the random walk run up to time T as in either (6.4) or (6.7), one 
considers the range TZ{x) run up to time T, then conditioned on hitting a 
given point x. Exactly the same argument shows that the total variation 
distance of the law Jlx on markings X{G) induced by iid coin flips on TZ{x) 
from the uniform measure on X{G) is o(l). This implies that the law fix on 
markings of A'(G) given by iid coin flips on the range TZ{x) run up to time 
'4^7cov(G„), and conditioned to hit x, and the uniform measure is o(l). At 
time ^-^Tcov{Gn), the random walk is well mixed conditional on its position 
at ^^Tcov{Gn), from which the result is clear. □ 

7. Further Questions. 

1. Theorem 1.3 yields a wide class of examples where the threshold for 
indistinguishability is at ^Tcov, and is an example where the thresh- 
old is at Tcov Does there exists a sequence (G„) of vertex transitive 
graphs where the threshold is at aTcov(G'„) for a £ (1/2, 1)? 

2. Our statistical test for uniformity is only valid for a > 1/2. For a < 
1/2, the natural reference measure is iid markings conditioned on the 
number of zeros being on the order of Can analogous results 
be proved in this setting? 

3. Our definition of uniform local transience is given in terms of the 
Green's function summed up to the uniform mixing time. Does it suf- 
fice to assume only the uniform decay of 

T 

gix,y;G) = Y,p\^^y^G) 
t=i 

where T = T^i^iG) or even T = Tj-ei{G)7 

4. The complete graph Kn does not satisfy the hypotheses of Theorem 
1.3 yet the lamplighter walk on has a threshold at ^Tcov{Kn)- Is 
there a more general theorem allowing for a unified treatment of this 
case? 
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